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Abstract
The future gravitational wave (GW) observations of compact binaries and their possible elec-
tromagnetic counterparts may be used to probe the nature of the extra dimension. It is widely
accepted that gravitons and photons are the only two completely confirmed objects that can travel
along null geodesics in our four-dimensional space-time. However, if there exist extra dimensions
and only GWs can propagate freely in the bulk, the causal propagations of GWs and electromag-
netic waves (EMWs) are in general different. In this paper, we study null geodesics of GWs and
EMWs in a five-dimensional anti-de Sitter space-time in the presence of the curvature of the uni-
verse. We show that for general cases the horizon radius of GW is longer than EMW within equal
time. Taking the GW150914 event detected by the Advanced Laser Interferometer Gravitational-
Wave Observatory and the X-ray event detected by the Fermi Gamma-ray Burst Monitor as an
example, we study how the curvature k and the constant curvature radius l affect the horizon radii
of GW and EMW in the de Sitter and Einstein-de Sitter models of the universe. This provides
an alternative method for probing extra dimension through future GW observations of compact
binaries and their electromagnetic counterparts.
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I. INTRODUCTION
Since Einstein predicted that there exist a special kind of wave solutions (named gravi-
tational waves (GWs)) in linearized weak-field equations [1, 2], people have never stopped
detecting GWs. In 1962, M. E. Gertsenshtein and V. I. Pustovoit proposed the first method-
ology to detect very long wavelength GWs by using interferometers. Six years later, J. Weber
declared that GWs had been detected, but it was proved to be false later. Although it was
just a small episode in the history of detecting GWs, this was exactly the seed of the Ad-
vanced Laser Interferometer Gravitational-Wave Observatory (LIGO). Since then several
scientific organizations started to prepare for new GW detectors and the great achievement
did not appear until 2015.
It is really an encouraging news that LIGO recently observed a transient GW signal,
which was also named as GW150914 [3–7]. According to the analysis given by the LIGO
scientific collaboration and Virgo collaboration [8], this GW signal came from the merger of
a pair of black holes and the luminosity distance between the source of the GW150914 and
our earth is about 430 Mpc (with redshift z ∼ 0.09). Since LIGO announced the first direct
detection of GWs, the research fruits relative to it have sprung up. With the GW150914,
one can impose restrictions on cosmological viscosity [9], hunt for dark particles [10], and
detect triple systems [11] (more applications can be seen in Refs. [12–18]).
Coincidentally, the Fermi Gamma-ray Burst Monitor (GBM) detected an electromagnetic
counterpart after LIGO detected the GW signal, which lasted for about 1 s and appeared
about 0.4 s after the GW signal [19]. According to the data from the Fermi GBM satellite,
the gamma-ray burst could be related to the GW signal. In Ref. [35], the size of the spherical
brane-universe expanding in multi-dimensional space-time was constrained by using those
data. Although the correlation between the GW signal and electromagnetic wave (EMW)
signal needs more observation data (especially, more GW signals to be detected) to be
confirmed, there are not a few works trying to explain why the arrival time is different
between the GW and EMW signals [6, 20–31]. In Ref. [32], the authors drew a conclusion
that the GW can arrive earlier than the EMW if the two signals are emitted simultaneously
and pass through a lens during the travel. However, there are also some literatures which
are not agree with this correlation between these two signals [33, 34].
In this work, we take these two events as an example to study whether the arrival time
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difference 0.4 s is reasonable in our extra dimension model, in which our universe is supposed
to be a three-brane embedded in a five-dimensional Schwarzschild-anti-de Sitter space-time
(more other applications of GWs with extra dimensions refer to Refs. [36–38]). It is worth
noting that although these two events are not necessarily related, we just take them as
an example to illustrate how to analyze the time difference between GW signals and their
counterparts with the variation of parameters. Therefore, whether the X-ray is related to
GW150914 is not important in our study and our research is mainly for the future accurate
measurements of GW events and corresponding electromagnetic counterparts (for exam-
ple, the merging of neutron star binaries). Theoretically, the electromagnetic counterparts
involving the merging of compact binaries are much more promising to be observed. The
generation mechanism of the electromagnetic counterparts and the simultaneity of these two
kinds of signals are both interesting research subjects and worth exploring thoroughly in the
future [19, 25, 56–61].
In general extra dimension models, gravity can travel in the bulk space, but fermions
and gauge boson fields are trapped on the brane. Therefore, gravitons always travel along
the shortest null paths in the bulk, which are also called “shortcuts” [39–45]. According
to Ref. [39], if the constant curvature k vanishes, the gravitational horizon radius is always
larger than or equal to the horizon radius of EMW (it depends on the constituents of our
universe) in a five-dimensional Schwarzschild-anti-de Sitter space-time. But to obtain an
observable time delay between EMW and GW, the luminosity distance of their source needs
to be incredibly long. We make our study on the foundation of Ref. [39] and take the
constant curvature k into account. Our research shows that although the curvature k is
a tiny parameter, it could cause an observable time delay between EMW and GW even if
the source of the signals is “near” to us. This observable effect provides a new method for
probing extra dimension and constraining the parameters of extra dimension. We consider
two general models of the universe and find that this five-dimensional Schwarzschild-anti-de
Sitter model, indeed, can explain the arrival time difference between the EMW and GW
signals in the GW150914 event without violating current observational data.
In section II, the null geodesics for gravitons and photons are given in the five-dimensional
anti-de Sitter (AdS) space-time. In section III, the de Sitter model is considered. In sec-
tion IV, the Einstein-de Sitter model is discussed. The final conclusions and discussions are
shown in section V.
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II. NULL GEODESICS IN FIVE-DIMENSIONAL ADS SPACE-TIME
We intend in this section to review how to obtain the null geodesics through the
bulk in five-dimensional AdS space-time and the null geodesics on a brane. The general
Schwarzschild-anti-de Sitter metric ansatz we will study is
ds2 = −f(R)dT 2 + f(R)−1dR2 +R2dΣ2k, (1)
where dΣ2k is a metric on a locally homogeneous three-dimensional surface of constant cur-
vature k (k = +1, k = 0, and k = −1 correspond to three-dimensional sphere, flat, and
hyperboloid, respectively) [46–49]. The coordinate T is referred as Killing time and the co-
ordinates (T, R) are collectively called curvature coordinates [48]. The function f(R) takes
the form
f(R) = k +
R2
l2
− M
R2
. (2)
Here, l (> 0) is a parameter with dimension(s) of length, which is also called the con-
stant curvature radius of the five-dimensional AdS space-time. The parameter M is the
Schwarzschild-like mass. In Ref. [39], the authors considered the case k = M = 0 and
obtained the geodesics in the bulk and on a brane. To investigate how the curvature of the
universe influences these null geodesics, we briefly derive these geodesics in the case k 6= 0
and M = 0.
Before the process of the derivation, there are two assumptions that should be stated.
The first one is that the bulk is supposed to be empty, although it generally contains multiple
fields (these fields are negligible because the energy of these fields is insignificant compared to
the negative cosmological constant). Besides that, there may be multiple branes in the bulk,
but if they are sufficiently distant from each other we can still assume the bulk is empty.
The second one is that the three-brane which we concern is homogeneous and isotropic.
Actually, if the brane represents our universe, this assumption should be reasonable.
In the sight of observers on any three-brane, the orbit of the corresponding three-brane
is given by R(T ). The function R(T ), which is simply determined by the position of the
brane in the extra dimension, is reinterpreted as the scale factor a(t) on the three-brane with
proper time t. We suppose the orbit of our universe also depends on the function R(T ),
thus the proper time t for the comoving observers can be defined as
dt2 = f(R)dT 2 − dR
2
f(R)
. (3)
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Combining this definition with Eq. (1) one can obtain the induced metric on our three-brane
ds2brane = −dt2 +R(t)2dΣ2k. (4)
Note that the usual cosmological scale factor a(t) on our brane is equivalent to R(t), i.e.,
R(t) ≡ a(t).
FIG. 1. The geodesics of the EMW and GW. The points A, B, and B′ are all on the brane. The
dashed red line AB′B represents the track of the null geodesic on the brane and the solid blue line
AB is the track of the null geodesic in the bulk.
Now, we simply illustrate the physical picture involved in the following investigation.
Referring to the methodologies in Refs. [39, 50], one can introduce a spherical coordinate
system (r, θ, φ) on the brane and consider one point A on the brane as the origin of coor-
dinates (see Fig. 1). We assume there is a GW signal emitted by the initial point A and
received by the point B which is also on the brane. Therefore, the track of the GW is a
radial null geodesic though the bulk. We can ignore the angular variables (θ, φ) and set a
three-dimensional metric to describe the propagation of the GW in the bulk
ds2 = −f(R)dT 2 + f(R)−1dR2 +R2dr2. (5)
For this metric, since the coordinates T and R are independent of the radial coordinate r,
the vector ( ∂
∂r
)a is apparently a Killing vector. In addition, the vector ( ∂
∂T
)a is also a Killing
vector for f(R) > 0. To obtain the geodesic trajectory, one can define a unit vector ka = dx
a
dλ
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(gµνk
µkν = 1), which is always tangent to the geodesic. Based on this, combining with the
Killing vectors ( ∂
∂T
)a and ( ∂
∂r
)a, the tangent vector ka should satisfy
gµνk
µ(
∂
∂T
)ν = −f(R)dT
dλ
≡ kT , (6)
and
gµνk
µ(
∂
∂r
)ν = R2
dr
dλ
≡ kr, (7)
where kT and kr are two constants along the geodesic. Besides, the null geodesic leads to
ds2 = 0. From Eq. (5), we have
0 = −f(R)2dT 2 + dR2 + f(R)R2dr2. (8)
Dividing the entire expression (8) by dλ2 and using Eqs. (6) and (7) to eliminate dT
dλ
and dr
dλ
,
we get (
dR
dλ
)2
= k2T − k2r
f(R)
R2
. (9)
Note that the parameter dλ still exists. One can employ kr and kT again, respectively, to
eliminate the parameter dλ in the above equation. Therefore, it is easy to get the trajectories
of the infinitesimal version geodesic along the radial r and time T , which are given as(
k2T
k2r
− f
R2
)−1/2
dR
R2
= dr (10)
and
dR
f
√
1− k2rf
k2
T
R2
= dT. (11)
Substituting f(R) = k+ R
2
l2
into Eqs. (10) and (11), respectively, and integrating them from
the initial point A to the point B, we get
rAB ≡
∫ r(B)
r(A)
dr =
∫ R(B)
R(A)
(
k2T
k2r
− f
R2
)−1/2
1
R2
dR
=
1√
k
[
arctan
(√
k
QR(A)2 − k
)
− arctan
(√
k
QR(B)2 − k
)]
, (12)
and
TAB ≡
∫ T (B)
T (A)
dT =
∫ R(B)
R(A)
dR
f
√
1− k2rf
k2
T
R2
=
l√
k
[
arctan
(√
QR(B)2 − k
kl2/s
)
− arctan
(√
QR(A)2 − k
kl2/s
)]
, (13)
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where Q = 1
s
− 1
l2
and s = ( kr
kT
)2 are constants. Note that R(A) and R(B) are the values
of the scale factor a(t) at the space-time points A and B for the observers on the brane,
respectively. Since we only concern about observations on the brane, we identify a(tA) and
a(tB) with R(A) and R(B). Although we have expressed rAB in terms of the parameters on
the brane, we do not know how to determine the value of the parameter s = ( kr
kT
)2 clearly.
Therefore, making use of Eqs. (12) and (13) to eliminate s, we have
rAB =
1√
k
arctan[
√
k√
−k + a(tA)
2
[
kGaGb(Ga+Gb) csc(TAB)2−2 csc(TAB)2
√
k2G3aG
3
b
cos(TAB)2
]
G2aG
2
b
−l2
[
kGaGb(Ga+Gb) csc(TAB)2−2 csc(TAB)2
√
k2G3aG
3
b
cos(TAB)2
] ]
− 1√
k
arctan[
√
k√
−k + a(tB)
2
[
kGaGb(Ga+Gb) csc(TAB)2−2 csc(TAB)2
√
k2G3aG
3
b
cos(TAB)2
]
G2aG
2
b
−l2
[
kGaGb(Ga+Gb) csc(TAB)2−2 csc(TAB)2
√
k2G3aG
3
b
cos(TAB)2
] ],(14)
where TAB =
√
kTAB
l
, Ga = kl
2 + a(tA)
2, and Gb = kl
2 + a(tB)
2.
Now, getting back to the definition of the proper time t in Eq. (3) and the expression of
f(R), we get the relation between the parameter T and the proper time t on the brane
dT =
√
k + a(t)
2
l2
+ a˙(t)2
k + a(t)
2
l2
dt. (15)
With any given specific expression of the scale factor a(t), TAB can be calculated through
Eq. (15), which is not the function of the parameter s. Putting the result of TAB into
Eq. (14), we obtain the final expression of rAB, which is also called gravitational horizon
radius in Ref. [39]. Note that we get rAB in terms of the quantities on the brane, but the
null geodesic traveling from the point A to B is in the bulk.
As for the null geodesic on the brane, it is always characterized by EMW signal. The
corresponding horizon radius is given by∫ r
B′
rA
1√
1− kr2dr =
∫ tB
tA
1
a(t)
dt. (16)
We define r˜AB′ as the horizon radius of the EMW and get the following abstract expression
of r˜AB′ ,
r˜AB′ =
1√
k
sin
[√
k
∫ tB
tA
1
a(t)
dt
]
. (17)
Here, we suppose that the EMW and GW are emitted simultaneously at the time tA
from the same spatial point A (on the brane). The GW signal traverses in the bulk and is
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received at the spatial point B (on the brane). The radial distance of this trajectory is rAB
between times tA and tB . The EMW signal gets to the spatial point B
′ (on the brane) and
travels a radial distance r˜AB′ between times tA and tB (see Fig. 1).
III. DE SITTER MODEL
In this section, we give a concrete comparison of rAB and r˜AB′ by considering the de
Sitter model of the universe, in which the universe is dominated by constant vacuum energy.
The fundamental Friedmann equation is given by
a˙(t)2 + k = NΛa(t)
2, (18)
where NΛ =
8piρΛG
3
is a constant and the dot denotes the derivative with respect to t. Ac-
cording to the Friedmann equation we have dt = 1√
NΛa(t)2−k
da(t). Plugging it into Eq. (15),
performing the integration from the point A (a(tA)) to B (a(tB)) and using the Friedmann
equation (18) to eliminate the parameter NΛ, we obtain
TAB =
1√
k
arctan( HB√
k˜ + k˜l2(H2B + k˜)
)
− arctan
( √
H2B + k˜ − (1 + z)2k˜
(1 + z)
√
k˜ + k˜l2(H2B + k˜)
) .(19)
Here, k˜ = k
a(tB )2
, HB =
a˙(tB)
a(tB)
is the value of the Hubble parameter at time tB, and 1 + z =
a(tB)
a(tA)
.
Analogously, we can utilize the Friedmann equation to get the specific rAB and r˜AB′ . In
order to simplify them, we only consider the case of k ≥ 0 (this guarantees Ga > 0 and
Gb > 0 in Eq. (14)). Then rAB and r˜AB′ are given by
rAB =
1√
k
arctan
[
1√
−1 + (1+z)
−2
[
(G˜a+G˜b) csc(TAB)2−2 csc(TAB)2
√
G˜aG˜b cos(TAB)2
]
G˜aG˜b−k˜l2
[
(G˜a+G˜b) csc(TAB)2−2 csc(TAB)2
√
G˜aG˜b cos(TAB)2
]
]
− 1√
k
arctan
[
1√
−1 +
[
(G˜a+G˜b) csc(TAB)2−2 csc(TAB)2
√
G˜aG˜b cos(TAB)2
]
G˜aG˜b−k˜l2
[
(G˜a+G˜b) csc(TAB)2−2 csc(TAB)2
√
G˜aG˜b cos(TAB)2
]
]
(20)
and
r˜AB′ =
1√
k
sin
[
arctan
( √
k˜√
−k˜ + (1 + z)−2(H2B + k˜)
)
− arctan
(√
k˜
HB
)]
, (21)
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where G˜a = k˜l
2+(1+z)−2 > 0 and G˜b = k˜l
2+1 > 0. It is difficult to compare rAB and r˜AB′
because there are three uncertain parameters k˜, z, and HB. Fortunately, the gravitational
wave event GW150914 detected by LIGO can help us to compare them in certain range
of the parameters and examine the validity and reliability of this extra dimension model.
According to Ref. [3], the source of the GW signal lies at a luminosity distance of 410+160−180
Mpc, which corresponds to a redshift z = 0.09+0.03−0.04.
Note that here the redshift is estimated in the context of standard general relativity
(GR). However, in general, when one considers modified gravity or some other effects, the
luminosity-redshift relation will change. For instance, in Ref. [54], the authors considered
the gravitational potential of the mass distribution and their conclusion is that GW150914
will experience a Shapiro delay (about 1800 days) along the line of sight during its 410+160−180
Mpc (about 1.4± 0.6 billion light years) journey.
According to the original literatures of LIGO scientific and Virgo collaborations [3, 62], we
know that GW observations are insensitive to the redshift [63]. Therefore, the measurements
(including redshift and redshifted masses) are mainly dependent on the luminosity distance
to the source. To obtain the redshift of GW signal, LIGO scientific and Virgo collaborations
need to directly measure the luminosity distance from the GW signal alone. Then they
assume the universe is a flat ΛCDM model with given Hubble parameter and matter density
parameter. Through the Friedmann equation, they can derive the corresponding redshift.
Since the amplitude of GW is inversely proportional to the comoving distance in the context
of standard GR, as long as the amplitude of GW is obtained one can calculate the luminosity
distance [3, 62]. In our braneworld model, because of the presence of an additional dimension,
the propagation of gravity is different from that of standard GR. Since gravity could spread
throughout the five-dimensional space-time, when the scale we consider is less than the size
of the extra dimension, from the Gauss’s law in (4+n) dimensions the gravitational potential
is given by [64]
V (r) ∼ m1m2
Mn+2P l(4+n)
1
rn+1
, (22)
where r is the distance that we consider on the brane. When the distance is much larger
than the size of the extra dimension, the gravitational potential will degenerate into the
four-dimensional case [64, 65]. Therefore, in high-dimensional braneworld models, the hy-
pothesis of small extra dimensions is a common way to restore four-dimensional Newtonian
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gravitational potential. According to current experiments within the solar system [66–69],
Newtonian gravity is applicable in the sub-millimeter range, which means that the radius
of the extra dimension should be less than 0.1 mm. In our braneworld model, this requires
that the AdS radius l, which stands for the scale of the extra dimension, is small (l < 0.1
mm). Thus, for large distance r ≫ l, the modification from the extra dimension to New-
tonian gravitational potential can be neglected. The amplitude of GW is still inversely
proportional to the comoving distance in our braneworld model and the luminosity distance
calculated by our model is not much different from the one obtained by standard GR.
In our braneworld model, the modification of the Friedmann equation is also negligible.
The most general form of the four-dimensional Friedmann equation in braneworld models
can be written as [70–76]
H2 +
k
a2
=
κ(4)2
3
ρ+
κ(4)2
6λ2
ρ2 + other correction terms, (23)
where ρ denotes the density of matters on the brane, κ2(4) = 8piG(4), and λ is the brane
tension. The other correction terms depend on the specific models and in order to close to
the real universe, usually, they are always negligible in the late-time cosmology compared
with the first term. As we known, early in cosmic history, the second term in Eq. (23) is
truly important, which could have a great influence on the evolution of the scale factor.
But when we consider the late-time cosmology, since the density of matters on the brane
becomes smaller and smaller, the second term in the right-hand side of Eq. (23) can also be
ignored. In other words, in the late-time cosmology, the four-dimensional behavior of the
five-dimensional braneworld gravity can degenerate into standard GR. Therefore, although
in the context of braneworld gravity the redshift is different from the one decided by GR,
comparing with the observation error this gap is negligibly small. Given the above, in
this example, for convenience we could suppose the redshift calculated by our model is
unchanged comparing to the one of standard GR. As for other physical quantities, if they
can be given based on the redshift, they also have no big changes. For example in the original
literatures of LIGO scientific and Virgo collaborations [3, 62], since there is no intrinsic mass
or length scale in vacuum GR and the redshift of observed frequency of the signal can not be
distinguished from the rescaling of the masses [77–79], they could measure redshifted masses
m by m = (1 + z)msource.
In addition, the Fermi GBM recorded an electromagnetic counterpart with 0.4 s delay
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after LIGO detected the GW signal. Now the general viewpoint about these two signals is
that the EMW signal is massively more likely to be associated with gravitational wave event
GW150914. Therefore, based on these two events, we can establish a specific physical picture
to compare rAB and r˜AB′ . We hypothesize that the source of the two signals is the initial
space-time point A, the present earth is the point B, and the two signals were generated
simultaneously. The current observations indicate that HB = H0 ∼ 2.189 × 10−18s−1 and
k˜ =
ΩkH
2
0
c2
≤ 10−40s−2 (c = 1).
In this model, Eq. (20) can be further reduced to
rAB =
1√
k
[
arctan
( √
k˜(1 + z)√
H2B − k˜z(2 + z)
)
− arctan
(√
k˜
HB
)]
, (24)
which is irrelevant to the parameter l. When the curvature k approaches to zero, it is easy
to verify that rAB = r˜AB′ =
z
HB
, which is consistent with the discussion in Ref. [39], i.e,
if HB ≥ 0 is a constant and the curvature k = 0, the horizon radius of the EMW on the
brane and the gravitational horizon radius in the bulk would be totally the same [40]. When
k 6= 0, our calculations show that rAB, for general case, is larger than r˜AB′. Note that here
we compare rAB and r˜AB′ by giving the same interval of time (from tA to tB). As the values
of z and k˜ increase, the gap between rAB and r˜AB′ gets bigger (see Fig. 2). The positive
differences mean the GW travels farther than the EMW in the same time (the different
values of the parameter z correspond to different intervals of time). This result agrees with
our physical intuition: the GW (in the bulk) travels “faster” than or at least as fast as the
EMW on the brane and with the increase of the curvature of the brane, the shortcut effect
of the GW becomes more manifest.
Let us go back to the GW150914 event. Ignoring the impact of other factors on the
spread of the GW and EMW signals, one can give a rough estimate of the curvature k˜ and
the cosmological curvature parameter Ωk. The method of building mathematical model is
easy. According to the previous description, in the GW150914 and X-ray events, we have
three important space-time points: the initial point A (the source of the GW and EMW
signals), point B (the earth, the moment when the GW was detected), point C (the earth, the
moment when the EMW signal was detected). Therefore, we have rAB = r˜AC = r˜AB′ + r˜B′C .
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FIG. 2. The plot of the differences between the horizon radii of the GW and EMW in the de
Sitter model. The five sets of data, from top to bottom, are z = (2, 0.18, 0.12, 0.09, 0.05, 0.01),
respectively.
Referring to Eq. (21), r˜AC can be written as
r˜AC =
1√
k
sin
[
arctan
( √
k˜√
(1 + z)−2(H2B + k˜)− k˜
)
− arctan
(√
k˜
HB
)
+ arctan
(√
k˜
HB
)
− arctan
( √
k˜√
(H2B + k˜)
a(tC )2
a(tB)2
− k˜
)]
. (25)
Because the time delay between the points B and C (we define it as ∆t), in general, is
relatively small (for example, in the GW150914 and X-ray events the time lag is just about
0.4 s), a(tC )
2
a(tB)2
is approximately equal to (1 + ∆tHB)
2. Given this, the sum of the last two
terms in Eq. (25) can be regarded as a small variation compared with the sum of the first
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two. The function r˜AC can be expanded in Taylor’s series:
r˜AC =
1√
k
sin
{
arctan
[ √k˜√
(1 + z)−2(H2B + k˜)− k˜
]
− arctan
[√k˜
HB
]}
+
1√
k
{
arctan
[√k˜
HB
]
− arctan[
√
k˜√
(H2B + k˜)(1 + ∆tHB)
2 − k˜
]
}
cos
{
arctan
[ √k˜√
(1 + z)−2(H2B + k˜)− k˜
]
− arctan
[√k˜
HB
]}
= r˜AB′ +
1√
k
{
arctan
[√k˜
HB
]
− arctan[
√
k˜√
(H2B + k˜)(1 + ∆tHB)
2 − k˜
]
}
cos
{
arctan
[ √k˜√
(1 + z)−2(H2B + k˜)− k˜
]
− arctan
[√k˜
HB
]}
. (26)
Previously, we mentioned that rAB = r˜AC = r˜AB′ + r˜B′C . Combining with Eq. (26), we can
establish an equation to solve the curvature constant k˜:
rAB − r˜AB′ = 1√
k
{
arctan
[√k˜
HB
]
− arctan[
√
k˜√
(H2B + k˜)(1 + ∆tHB)
2 − k˜
]
}
cos
{
arctan
[ √k˜√
(1 + z)−2(H2B + k˜)− k˜
]
− arctan
[√k˜
HB
]}
. (27)
With any given parameter z and the time lag ∆t, we can obtain the corresponding k˜
by plugging HB = H0 ∼ 2.189 × 10−18s−1 into Eq. (27). For ∆t = 0.4 s, some numerical
solutions of k˜ are listed in table I. From table I, we see that when the range of values for
redshift z is 0.01 to 2, the bound of the curvature density Ωk is more rigorous than the
observations given in Ref. [51], Ωk < 0.005. As the redshift z grows, the curvature density
Ωk gets closer to 0. The table II shows the numerical solutions of k˜ with the change of ∆t
for a given value of redshift z = 0.09. It is not hard to see that for a given redshift z, the
bigger the time lag between the GW and EMW is, the bigger the curvature parameter Ωk
will be.
These results mean that the de Sitter model of the universe combined with higher di-
mensional space-time can explain why the GW preceded the EMW signal by 0.4 s in the
GW150914 and X-ray events (the premise is that they were generated at the same time) and
it is not in conflict with the current observational data. And if it is the case, the detections
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z k˜ (s−2) Ωk
0.01 2.5× 10−47 ∼ −10−11
0.05 2.0× 10−49 ∼ −10−13
0.09 3.5× 10−50 ∼ −10−14
0.12 1.5× 10−50 ∼ −10−14
0.18 4.3× 10−51 ∼ −10−15
2 3.1× 10−54 ∼ −10−18
TABLE I. Some numerical solutions of k˜ and the corresponding cosmological curvature parameter
Ωk with given ∆t = 0.4 s. According to the table above, we see that Ωk becomes smaller as the
redshift z grows.
∆t (s) k˜ (s−2) Ωk
0.01 8.6× 10−52 ∼ −10−16
0.4 3.5× 10−50 ∼ −10−14
10 8.6× 10−49 ∼ −10−13
500 4.3× 10−47 ∼ −10−11
TABLE II. Some numerical solutions of k˜ and the corresponding cosmological curvature parameter
Ωk with given z = 0.09. According to the table above, we see that Ωk becomes larger as the time
lag ∆t grows.
of GWs and their electromagnetic counterparts can even provide more restrictions on the
curvature density Ωk.
IV. EINSTEIN-DE SITTER MODEL
In this section, we consider the Einstein-de Sitter model of the universe, in which the
universe is dominated by non-relativistic matter. The Friedmann equation is
a˙(t)2 + k = Nma(t)
−1, (28)
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where Nm =
8piGρ0
3a(t0)3
is a constant. The analyses are similar to the case of vacuum energy.
We start with TAB, which is given by
TAB =
1√
k
{
1
8k˜3/4
√
Hk
[
8lk˜1/4(k˜ −Hk) + 8lk˜3/4
√
Hkarctanh
[ √
k˜√
Hk
]
+
√
8l(k˜2/3l +Hk)
[
arctan
(
1−
√
2
k˜1/4
√
l
)
− arctan
(
1 +
√
2
k˜1/4
√
l
)]
+
√
2l(k˜2/3l −Hk) log
(√
k˜l −√2k˜1/4
√
l + 1√
k˜l +
√
2k˜1/4
√
l + 1
)]
− 1
8k˜3/4
√
ZHk
[
8lk˜1/4(k˜Z −Hk) + 8lk˜3/4
√
ZHkarctanh
[√
k˜Z√
Hk
]
+
√
8lZ(k˜2/3l +Hk)
[
arctan
(
1−
√
2Z
k˜1/4
√
l
)
− arctan
(
1 +
√
2Z
k˜1/4
√
l
)]
+
√
2lZ(k˜2/3l −Hk) log
(√
k˜l −√2k˜1/4
√
lZ + Z√
k˜l +
√
2k˜1/4
√
lZ + Z
)]}
, (29)
where Hk = k˜+H
2
B and Z = (1+ z)
−1. Here, to obtain this expression we have made some
approximations, which rely on (k˜ +H2B)l
2 ≪ 1, i.e., l ≪ 1018 m. According to the current
experiments of the gravitational force law, the curvature radius of the five-dimensional AdS
space-time l is less than 10−3 m (and so far less than 1018 m). So, our approximations are
reasonable. Note that in this model rAB can be also given by Eq. (20) and TAB is given by
Eq. (29). Analogously, r˜AB′ reads as
r˜AB′ =
1√
k
sin
{
− 2 arctan
[ √k˜√
(1 + z)(H2B + k˜)− k˜
]
+ 2 arctan
[√k˜
HB
]}
. (30)
From Fig. 3, we see that this solution, indeed, guarantees that rAB > r˜AB′ for general
values of the parameters z and l. Finally, we obtain the equation in terms of the parameters
k˜, l, ∆t, and z, which could be used for solving k˜. The equation is
rAB − r˜AB′ = 2√
k
{
− arctan
[√k˜
HB
]
+ arctan[
√
k˜√
(H2B + k˜)(1 + ∆tHB)
−1 − k˜
]
}
× cos
{
− 2 arctan
[ √k˜√
−k˜ + (1 + z)(H2B + k˜)
]
+ 2 arctan
[√k˜
HB
]}
. (31)
Since this equation is more complex than the previous model and involves four arguments, we
can choose some representative values of the arguments l, ∆t, and z to solve the parameter
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FIG. 3. The plot of the differences between the horizon radii of the GW and EMW in the Einstein-
de Sitter model. The five sets of data, from top to bottom, are z = (2, 0.18, 0.12, 0.09, 0.05, 0.01).
Here, the parameter l = 10−5 m and we can draw similar conclusions when the parameter l changes.
k˜ through mapping. For the set of parameters ∆t = 0.4 s, z = 0.09, l = 10−10 m, l = 1 m,
and l = 1010 m, we can infer that rAB is not sensitive to the value of l (note that r˜AB′ is not
the function of l) (see Fig. 4). We find that as long as l, ∆t, and z take acceptable values
(for example l = 10−5 m, ∆t = 0.4 s, and z changes from 0.01 to 2 (see table III)), the
corresponding k˜ is in agreement with the results of observations. With given z and l, as the
parameter ∆t changes the trends of the curvature parameter Ωk are similar to the de Sitter
model (see table IV as an example).
In Ref. [39], the authors discussed this model with the case of k = 0 in detail. They
obtained the approximation ratio of the GW distance to the EMW distance between times
tA and tB, which is given by
rg
rγ
≈ 1 + 1
2
(lHB)
21 + 3ω
5 + 3ω
(
aB
aA
)(5+3ω)/2
, (32)
where ω = P/ρ is the equation of state of the matter composing the brane. If one considers
matter eras (ω = 0) and tB is the present moment, the above equation reduces to
rg
rγ
≈ 1 + 1
10
(lH0)
2(1 + z)5/2. (33)
Therefore, we can do a rough calculation about the curvature radius l based on the
GW150914 event. The calculating result shows that to account for the measured time
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lag of 0.4 s, the curvature radius l (∼ 1018 m for z = 0.09) has to be far greater than the size
of the extra dimension, which should be less than ∼ 1 mm [52]. So, it is observed that only
with the consideration of the constant curvature k 6= 0 in this model (include the de Sitter
model) can we explain why the EMW signal arrived earth 0.4 s later than the GW150914
without against the current observational and experimental constraints.
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FIG. 4. The plot of the differences between the horizon radii of the GW and EMW in the Einstein-
de Sitter model. The three values of l, from top to bottom, are l = (10−10 m, 1 m, 1010 m). Here,
the parameters z = 0.09 and ∆t = 0.4 s. The result indicates that the differences between the
horizon radii of the GW and EMW are nearly invariable as the parameter l changes.
z k˜ (s−2) Ωk
0.01 3.1× 10−47 ∼ −10−11
0.05 2.2× 10−49 ∼ −10−13
0.09 4.2× 10−50 ∼ −10−14
0.12 1.9× 10−50 ∼ −10−14
0.18 6.3× 10−51 ∼ −10−15
2 4.2× 10−53 ∼ −10−17
TABLE III. Some numerical solutions of k˜ and the corresponding cosmological curvature parameter
Ωk with given ∆t = 0.4 s and l = 10
−5 m. The result shows that Ωk also becomes smaller and
smaller in this model as the parameter z grows.
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∆t (s) k˜ (s−2) Ωk
0.01 1.2× 10−51 ∼ −10−15
0.4 4.2× 10−50 ∼ −10−14
10 1.2× 10−48 ∼ −10−12
500 5.4× 10−47 ∼ −10−11
TABLE IV. Some numerical solutions of k˜ and the corresponding cosmological curvature parameter
Ωk with given z = 0.09 and l = 10
−3 m.
V. CONCLUSIONS AND DISCUSSIONS
The exciting discovery of the GW150914 and GW151226 [53] by LIGO opens a new era of
multi-messenger astronomy, which will achieve regular detections of GWs from merging com-
pact binaries, and further pursue the electromagnetic counterparts in the multi-wavelength
campaigns. The most promising electromagnetic counterpart of compact binaries involves
neutron stars. The precise detection of the electromagnetic counterpart will help to under-
stand the properties of the GW sources, such as the redshift of the GW sources, and it can
also be used to unravel the effects of extra dimensions.
In this paper, we have taken the GW150914 and X-ray events as an example to show
how to constrain the parameters of the models with one extra dimension, although it is not
sure whether this gamma ray with 0.4 s time delay is the true electromagnetic counterpart
at present.
In general, we have calculated two kinds of null geodesics for the GW and EMW in the
background of a five-dimensional AdS space-time with the case k 6= 0 and M = 0. Based
on a series of assumptions and simplifications, the general null geodesic of the GW is given
by Eq. (14), which is the function of the curvature radius l, the constant curvature k, the
Hubble parameterHB, and the cosmological redshift parameter z. According to the fact that
the GW arrived earlier than the EMW in the GW150914 event, we studied the differences
between the horizon radii of the GW and EMW signals due to the effects of extra dimension
in the de Sitter model of the universe. We found that the solution (14) is not the function
of the curvature radius l. In addition, the horizon radii of the GW and EMW are exactly
equal when the constant curvature k approaches to zero. These results are all consistent
with the discussion in Ref. [39]. Compared with the case of k = 0 in the de Sitter model,
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the significant distinction of the case for k 6= 0 is that the horizon radius of the GW is
larger than the EMW between times tA and tB. Combining the GW150914 event with our
calculation, we found that if we assume the two signals were generated simultaneously, it is
possible to explain, by this extra dimension model, why the GW signal arrived 0.4 s earlier
than the EMW signal. In the Einstein-de Sitter model, although the horizon radius of the
GW becomes related to the curvature radius l, our results show that in this model the GW
signal can also be detected earlier than the EMW signal.
As more data with high precision are accumulated by the GW detectors 1 and GBM in the
future, more GW signals of compact binaries will be detected. Especially, the GW events of
binary neutron stars or neutron star-black hole mergers and the associated electromagnetic
counterparts are also expected to be observed. The possible time separation between GWs
and their EMW counterparts can provide an alternative way 2 to explore the nature of extra
dimension, since the gravity can take shortcuts in extra dimensions. Once the exact time
separation between the GW signals of compact binary mergers and their electromagnetic
counterparts are observed in the future, our study on the differences of the GW and EMW
horizon radii in the extra dimension models in this paper can be directly applied to unravel
the nature of extra dimension.
Finally, we briefly discuss what the impacts on our results are when one considers a
realistic cosmology. For an inhomogeneous and/or anisotropic four-dimensional cosmology,
the propagation of light will be greatly affected and the impact on gravity is not very clear
in most cases. The representative discussions in four-dimensional universe can be found in
Refs. [32, 55]. In the context of braneworld gravity with inhomogeneous and/or anisotropic
brane, the influence on the bulk geodesics from the inhomogeneity and anisotropy may be
important. Especially when scale grows large, the effect may even accumulate. Whether
there will be a great effect when the brane is inhomogeneous and/or anisotropic is worthy
of our study in the future. If the inhomogeneity and anisotropy of the brane indeed lead
to additional delay between the two signals, then the restrictions on the extra dimension
models would be more stringent after removing this part of the delay.
Analogously, for our realistic universe, which consists of dark matter, dark energy, and
1 As we known, more and more GW detectors are planned, which include eLISA (the Evolved Laser Interfer-
ometer Space Antenna), KAGRA (the KAmioka GRAvitational wave detector), DECIGO (the DECi-hertz
Interferometer Gravitational wave Observatory), Taiji and TianQin (a proposal for a space-borne detector
of GW), etc.
2 The traditional experiments of probing extra dimensions are the precise tests of the gravitational force
law and the collider signals of extra dimensions.
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ordinary matter, the evolution of the scale factor a(t) is more complex. In addition, how each
ingredient of the universe affects the spreads of the GW and EMW is not entirely clear [55].
According to Refs. [32, 55], we expect that the impact of the realistic inhomogeneous universe
on the spreads of the GW and EMW for a short distance is larger than that of the background
spatial curvature k. And for a long distance, the latter might become increasingly important.
Of course, the final conclusions need more later studies.
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